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a b s t r a c t
Variable-weight optical orthogonal code (OOC) was introduced by Yang for multimedia
optical CDMA systems with multiple quality of service (QoS) requirements. Some results
on the existence of optimal (v, {3, k}, 1, {1/2, 1/2})-OOCs for k = 4, 5 were obtained.
In this paper, it is proved that there exists an optimal (v, {3, 5}, 1, {1/2, 1/2})-OOC for
each positive integer v ≡ 13 (mod 26), and v ≥ 39. It is also shown that an optimal
(2u, {3, 4}, 1, {1/2, 1/2})-OOC exists for any positive integer uwhose prime factors are all
congruent to 1 modulo 18 and not less than 19.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
Optical orthogonal codes (OOCs) were introduced by Salehi, as signature sequences to facilitatemultiple access in optical
fibre networks [23,25]. OOCs had been found a wide range of applications such as mobile radio, frequency-hopping spread-
spectrum communications, radar, sonar, collision channel without feedback and neuromorphic networks [11,18,22,24,26].
Most existing works on OOCs have assumed that all codewords have the same weight; see [1–11,14,15,17,20,21,32]
for examples. In general, the code size of OOCs depends upon the weights of codewords. The variable-weight OOCs can
generate larger code size than that of constant-weight OOCs [19]. In 1996, Yang introduced multimedia optical CDMA
communication systems employing variable-weight OOCs [30]. In this CDMA system, the codewords of low codeweight can
be assigned to the low-QoS (Quality of Services) applications and high codeweight codewords to high-QoS applications [19],
the subscribers with different code weights will have different bit error rate (BER) performance. Hence, the variable-weight
property of the OOCs enables the system to meet multiple QoS requirements. Variable-weight OOCs have attracted much
attention [19,27–31,33] recently.
Based on the notations of [30], throughout this paper, letW , L, and Q denote the sets {w0, w1, . . . , wp}, {λ0a, λ1a, . . . , λpa}
and {q0, q1, . . . , qp}, respectively as defined below. Without loss of generality, we may assume thatw0 < w1 < · · · < wp.
An (n,W , L, λc,Q ) variable-weight optical orthogonal code C , or (n,W , L, λc,Q )-OOC, is a collection of binary n-tuples
such that the following three properties hold:
• Weight distribution: Every n-tuple in C has a Hamming weight contained in the set W ; furthermore, there are exactly
qi|C | codewords of weightwi, i.e., qi indicates the fraction of codewords of weightwi, and∑pi=0 qi = 1.
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• Periodic auto-correlation: For any x = (x0, x1, . . . , xn−1) ∈ C with Hamming weight wi ∈ W , and any integer τ , 0 <
τ < n,
n−1
t=0
xtxt⊕τ ≤ λia,
where the summation is carried out by treating binary symbols as reals.
• Periodic cross-correlation: Similarly, for x ≠ y, x = (x0, x1, . . . , xn−1) ∈ C , y = (y0, y1, . . . , yn−1) ∈ C , and any integer τ ,
n−1
t=0
xtyt⊕τ ≤ λc .
In [29], the notation (n,W , λ,Q )-OOC is used to denote an (n,W , L, λc,Q )-OOCwith the property that λ0a = λ1a = · · · =
λ
p
a = λc = λ. The term variable-weight optical orthogonal code, or variable-weight OOC, is also used if there is no need to
list the parameters.
The following notations were stated in [29]. For each qi ∈ Q , without loss of generality, write qi = bi/ai, where ai, bi are
integers and gcd(ai, bi) = 1, 0 ≤ i ≤ p. Let f (Q ) = lcm(a0, a1, . . . , ap), i.e., the least common multiple of a0, a1, . . . , ap,
and qi = fi(Q )/f (Q ), then∑pi=0 fi(Q ) = f (Q ). In what follows, we use the notation w = ∑pi=0 fi(Q )wi(wi − 1). We will
also use the notations ai, bi, fi(Q ), 0 ≤ i ≤ p, and f (Q ) as defined above.
The work of Yang [30] contains the lower and upper bounds on the size of variable-weight OOCs to judge the goodness of
the constructions, sometimes the upper bound is not tight. The upper bound was improved in [29], which we state below.
Let ni = ⌊ 1qi ⌊qi⌊
(v−1)(v−2)···(v−λ)∑p
i=0 qiwi(wi−1)(wi−2)···(wi−λ)/(λia)
⌋⌋⌋, 0 ≤ i ≤ p,
UB(v,W , L, λ,Q ) = min{ni : 0 ≤ i ≤ p}.
Lemma 1.1. Let λia ≥ λ (λia ∈ L). Then Φ(v,W , L, λ,Q ) ≤ UB(v,W , L, λ,Q ), where, Φ(v,W , L, λ,Q ) = max{|C | : C is a
(v,W , L, λ,Q )-OOC}.
A (v,W , L, λ,Q )-OOC is said to be optimal ifΦ(v,W , L, λ,Q )meets the upper bound in Lemma 1.1.
LetΦ(v,W , λ,Q ) = max{|C | : C is a (v,W , λ,Q )-OOC}. From Lemma 1.1, one can obtain the following result.
Lemma 1.2. Φ(v,W , 1,Q ) ≤ min{⌊ 1qi ⌊qi⌊ v−1∑pi=0 qiwi(wi−1)⌋⌋⌋ : 0 ≤ i ≤ p}.
Optimal optical orthogonal codes are closely related to some combinatorial designs. For example, Yin [32] showed that an
optimal (v, k, 1)-OOC is equivalent to an optimal cyclic packing CP(k, 1; v). In [14], it is proved that an optimal (v, k, λ)-OOC
is equivalent to an optimal cyclic (λ+ 1)-(v, k, 1)-packing. In this paper, we will use cyclic packings (2-CP(W , 1,Q ; v)s) to
construct optimal variable-weight OOCs.
In [29], optimal 2-CP(W , 1,Q ; v)s were introduced to construct optimal (v,W , 1,Q )-OOCs. Suppose K is a set of positive
integers, a 2-CP(K , 1; v) is a family F = {B1, B2, . . . , Bt} of t subsets (base blocks) of Zv , K = {|Bi| : 1 ≤ i ≤ t} =
{k1, k2, . . . , kh}, such that the differences inF ,1F = {bic − bic′ : 1 ≤ i ≤ t, 1 ≤ c, c ′ ≤ |Bi|, c ≠ c ′}, cover each nonzero
element of Zv at most once, and for each B = {b1, b2, . . . , bh} ∈ F , B + i, 0 ≤ i ≤ v − 1, are pairwise distinct, where
B + i = {b1 + i, b2 + i, . . . , bh + i} ⊂ Zv . A 2-CP(K , 1; v) is the same as a CP(K , 1; v) in [32]. A 2-CP(K , 1,Q ; v) is
defined to be a 2-CP(K , 1; v) with the property that the fraction of number of base blocks of size kj is qj, 1 ≤ j ≤ h, where
Q = {q1, q2, . . . , qh}.
The following notations are from [29]. SupposeF is a 2-CP(W , 1,Q ; v), for B ∈ F , the list of differences from B is defined
to be 1B = {a − b : a, b ∈ B, a ≠ b}. Define 1F = B∈F 1B. The difference leave of F , denoted by DL (F ), is defined
to be the set of all nonzero integers in Zv which are not covered by1F . A 2-CP(W , 1,Q ; v)F is g-regular if the difference
leave DL (F ) along with zero forms an additive subgroup of Zv having order g , which must be generated by integer v/g .
Let CDλ(W ,Q , 2; v) be the maximum number of base blocks in any 2-CP(W , λ,Q ; v). In [29], it is proved that
CD1(W ,Q , 2; v) ≤ min

 1qi
qi
 v − 1p∑
i=0
qiwi(wi − 1)


 : 0 ≤ i ≤ p
 .
A 2-CP(W , 1,Q ; v) is said to be optimal if CD1(W ,Q , 2; v)meets this bound.
The following three results were stated in [29].
Lemma 1.3 ([29]). An optimal 2-CP (W , 1,Q ; v) is equivalent to an optimal (v,W , 1,Q )-OOC.
Lemma 1.4 ([29]). If 1 ≤ g ≤ w, then a 2-CP (W , 1,Q ; v) is optimal.
Lemma 1.5 ([29]). A necessary condition for the existence of a g-regular 2-CP (W , 1,Q ; v) is v ≡ g (mod w).
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According to Lemma 1.3, in order to construct optimal (v,W , 1,Q )-OOCs, one needs only to construct its corresponding
optimal 2-CP(W , 1,Q ; v)s.
In [29,33], several infinite classes of optimal (v,W , 1, {1/2, 1/2})-OOCs were obtained forW = {3, 4}, {3, 5}, and {3, 6}.
The following result was stated in [33].
Lemma 1.6 ([33]). If v ≡ 13, 65 (mod 78) is an integer, and v > 13, then there exist a 13-regular 2-CP ({3, 5}, 1, {1/2,
1/2}; v) and an optimal (v, {3, 5}, 1, {1/2, 1/2})-OOC.
In this paper, the result in Lemma 1.6 is extended to the following.
Theorem 1.7. If v ≡ 13 (mod 26) is an integer, and v ≥ 39, then there exists an optimal (v; {3, 5}, 1, {1/2, 1/2})-OOC.
For the existence of (v; {3, 4}, 1, {1/2, 1/2})-OOCs, the following results were obtained in [33].
Lemma 1.8 ([33]). If v ≡ 9 (mod 18) is an integer, and v > 18, then there exists an optimal (v, {3, 4}, 1, {1/2, 1/2})-OOC.
Lemma 1.9 ([33]). For each r ∈ {3, 12}, there exists an optimal (ru, {3, 4}, 1, {1/2, 1/2})-OOC for any positive integer u whose
prime factors are all congruent to 1modulo 6 and not less than 7.
Lemma 1.10 ([33]). There exists an optimal (6u, {3, 4}, 1, {1/2, 1/2})-OOC for any positive integer u whose prime factors are
all congruent to 7modulo 12 and not less than 7.
The code length in Lemmas 1.8–1.10 are v ≡ 9 (mod 18), v = ru ≡ 3, 12 (mod 18), v = 6u ≡ 6 (mod 18), respectively.
In this paper, the following result is obtained. The code length is v = 2u ≡ 2 (mod 18).
Theorem 1.11. For any positive integer u whose prime factors are all congruent to 1modulo 18 and not less than 19, there exist
a 2-regular, an optimal 2-CP ({3, 4}, 1, {1/2, 1/2}; 2u), and (2u, {3, 4}, 1, {1/2, 1/2})-OOC.
The following are some notations and result that will be used in this paper.
Fix a prime q ≡ 1 (mod n) and a primitive element θ ∈ GF(q), Hn will denote the multiplicative subgroup {θ in : 0 ≤
i ≤ q−1n − 1} of the nth powers modulo q, while Cnj denotes the coset of Cn0 (=Hn) in GF (q)∗ (=C10 ) represented by θ j, i. e.,
Cnj = θ jCn0 , 0 ≤ j ≤ n− 1. A set of distinct representatives of cosets of Cn0 is denoted by an SDRC.
For any B = {(x1, i1), (x2, i2), . . . , (xk, ik)} ⊂ Zu × Zh, c ∈ Zu, define
c · B = {(cx1, i1), (cx2, i2), . . . , (cxk, ik)} ⊂ Zu × Zh.
For any A = {x1, , x2, . . . , xk} ⊂ Zu, c ∈ Zu, define
c · A = A · c = {cx1, cx2, . . . , cxk} ⊂ Zu.
SupposeB is a set of subsets of Zq × Zs, define
Dj = {d : (d, j) is a difference fromB}.
Lemma 1.12 ([5]). Let q be a prime, q ≡ 1 (mod e), and q− [∑s−2r=0  sr  (s− r − 1)(e− 1)s−r ]√q− ses−1 > 0. Then, for any
given s-tuple (i1, i2, . . . , is) ∈ {0, 1, . . . , e− 1}s, and s-tuple (c1, c2, . . . , cs) of pairwise distinct elements of GF(q), there exists
an element x ∈ GF(q) such that x+ cr ∈ C eir for each 1 ≤ r ≤ s.
2. (v, {3, 5}, 1, {1/2, 1/2})-OOCs
In this section, Theorem 1.7 will be proved.
2.1. 39-regular 2-CP({3, 5}, 1, {1/2, 1/2}; 39u)s
To prove Theorem 1.7, skew starters will be used. Let (G,+) be an abelian group of order v > 1. A skew starter in G is a
set of unordered pairs S = {{xi, yi} : 1 ≤ i ≤ (v − 1)/2}which satisfies the following three properties:
• {xi : 1 ≤ i ≤ (v − 1)/2} ∪ {yi : 1 ≤ i ≤ (v − 1)/2} = G \ {0};
• {±(xi − yi) : 1 ≤ i ≤ (v − 1)/2} = G \ {0};
• {±(xi + yi) : 1 ≤ i ≤ (v − 1)/2} = G \ {0}.
According to the definition, a skew starter in G can exist only if v is odd. As stated in [17], let X = {xi : 1 ≤ i ≤ (v−1)/2},
Y = {yi : 1 ≤ i ≤ (v − 1)/2}, then we may assume that X = −Y and hence we have X(−X) = Y (−Y ) = X Y =
G \ {0}.
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Skew starters were used to construct optimal constant-weight optical orthogonal codes; see [7,17,21] for examples.
Skew starters were also used to construct optimal variable-weight OOCs; see [29,33] for examples. For more details on
skew starters, the interested reader may refer to [12,13].
The following result was stated in [7].
Lemma 2.1 ([7]). There exists a skew starter in Zv for each positive integer v such that gcd(v, 6) = 1, v is not divisible by 5 or
is divisible by 25. There does not exist any skew starter in Zv if v ≡ 0 (mod 3).
From Lemma 2.1, it is clear that there exists a skew starter in Zv if gcd(v, 30) = 1.
Lemma 2.2. If there exists a skew starter in Zu and gcd (u, 13) = 1, then there exists a 39-regular 2-CP ({3, 5}, 1, {1/2,
1/2}; 39u).
Proof. Since a skew starter exists in Zu and gcd(u, 13) = 1, then gcd(u, 6 × 13) = 1, and hence Zu × Z39 is isomorphic to
Z39u. Suppose that S = {{xi, yi} : 1 ≤ i ≤ t} is a skew starter in Zu, where t = (u− 1)/2. Let
A1i = {(xi, 0), (−xi, 2), (yi, 7), (−yi, 22), (0, 30)},
A2i = {(−xi, 0), (xi, 2), (−yi, 7), (yi, 22), (0, 30)},
A3i = {(xi − yi, 0), (yi − xi, 0), (0, 1), (−xi − yi, 4), (xi + yi, 14)},
A4i = {(0, 0), (xi + yi, 3), (−xi − yi, 13)},
A5i = {(xi, 0), (yi, 6), (xi + yi, 18)},
A6i = {(−xi, 0), (−yi, 6), (−xi − yi, 18)}, 1 ≤ i ≤ t.
We compute the differences from them. It is easy to see that Ds = −D39−s, 20 ≤ s ≤ 38. So, we need only to consider Dj
for 0 ≤ j ≤ 19.
Ds =

t
i=1
{(xi − yi),−(xi − yi)}, if s ∈ {1, 6, 7, 19},
t
i=1
{xi + yi,−(xi + yi)}, if s ∈ {3, 5, 13, 17},
t
i=1
{xi,−xi}, if s ∈ {9, 11, 12},
t
i=1
{yi,−yi}, if s ∈ {8, 16, 18}.
D0 =
t
i=1
{xi − yi, yi − xi}, D2 =
t
i=1
{−2xi, 2xi}, D4 =
t
i=1
{−2xi,−2yi},
D10 =
t
i=1
{2xi + 2yi,−2xi − 2yi}, D14 =
t
i=1
{2xi, 2yi}, D15 =
t
i=1
{2yi,−2yi}.
Now set F = {Aji : 1 ≤ i ≤ t, 1 ≤ j ≤ 6}. Then 1F does cover each element of (Zu × Z39) \ ({0} × Z39) exactly once,
while any element of the additive subgroup {0} × Z39 is not covered at all. Therefore, F forms a 39-regular 2-CP({3, 5}, 1,
{1/2, 1/2}; 39u). This completes the proof. 
In [32], a cyclic difference matrix (DM) was applied to the recursive constructions for CP (k, 1; v)s. We use the definition
in [16]. An (m, k; 1) cyclic differencematrix ((m, k; 1)-CDM in short) is a k×mmatrixD = (dij) (0 ≤ i ≤ k−1, 0 ≤ j ≤ m−1)
whose each entry is an integer of Zm such that for any two distinct rows i1 and i2, the list of di1j − di2j (j = 0, 1, . . . ,m− 1)
contains each integer of Zm exactly once. It is easy to see that if an (m, k; 1)-CDM exists, then an (m, l; 1)-CDM exists for any
positive integer l ≤ k.
The following results were stated in [32,16].
Lemma 2.3 ([32]). If m ≥ k is an odd prime, then there exists an (m, k; 1)-CDM.
Lemma 2.4 ([16]). If m ≥ 5 is odd and gcd(m, 27) = 1 or 27, then there exists an (m, 5; 1)-CDM. There exists a (39, 5; 1)-CDM.
The following results were stated in [32,29].
Lemma 2.5 ([32,29]). Suppose that both a g-regular 2-CP (W , 1,Q ; v) and an optimal 2-CP (W , 1,Q ; g) exist, then an
optimal 2-CP (W , 1,Q ; v) exists. Moreover, if the given 2-CP (W , 1,Q ; g) is r-regular, then so is the derived 2-CP (W , 1,Q ; v).
20 H. Zhao et al. / Discrete Mathematics 311 (2011) 16–23
Lemma 2.6 ([32,29]). Suppose that there exist a g-regular 2-CP (W , 1,Q ; v), an (m, wp; 1)-CDM, and an optimal 2-CP
(W , 1,Q ; gm). Then there exist a gm-regular and an optimal 2-CP (W , 1,Q ;mv). Moreover, if the given 2-CP (W , 1,Q ; gm) is
r-regular, then so is the derived 2-CP (W , 1,Q ;mv).
Lemma 2.7 ([32,29]). Suppose that there exists an (r2, wp; 1)-CDM. If both a g-regular 2-CP (W , 1,Q ; gr1) and an optimal 2-CP
(W , 1,Q ; gr2) exist, then so is an optimal 2-CP (W , 1,Q ; gr1r2). Moreover, if the given 2-CP (W , 1,Q ; gr2) is g-regular, then
so is the derived 2-CP (W , 1,Q ; gr1r2).
Lemma 2.8. There exist 39-regular 2-CP ({3, 5}, 1, {1/2, 1/2}; 39 × si) s for s ∈ {5, 13}, and i ≥ 1 is an integer. There exist
g-regular 2-CP ({3, 5}, 1, {1/2, 1/2}; g × 33) s for g ∈ {13, 39}.
Proof. Let
F5 = {A · 16i : A ∈ {{0, 1, 3, 7, 34}, {0, 8, 22, 94, 141}}, 1 ≤ i ≤ 3}

B5,
where
B5 = {{0, 9, 52}, {0, 13, 82}, {0, 26, 92}, {0, 36, 114}, {0, 39, 107}, {0, 51, 104}}.
F13 = {A · 22i : A ∈ A , 1 ≤ i ≤ 3}

B13,
where
A = {{0, 1, 3, 7, 12}, {0, 8, 18, 32, 48}, {0, 15, 34, 51, 71}, {0, 25, 53, 80, 166},
{0, 29, 62, 125, 204}, {0, 35, 73, 179, 262}, {0, 54, 128}, {0, 57, 225}, {0, 59, 249}},
B13 = {{0, 77, 248}, {0, 100, 272}, {0, 81, 246}, {0, 101, 271}, {0, 121, 294},
{0, 122, 313}, {0, 123, 250}, {0, 145, 293}, {0, 146, 295}}.
Then Fs forms a 39-regular 2-CP({3, 5}, 1, {1/2, 1/2}; 39 s) for s = 5, 13. Since there exists an (s, 5; 1)-CDM for each
s ∈ {5, 13} from Lemma 2.3, then the 39-regular 2-CP({3, 5}, 1, {1/2, 1/2}; 39 × si)s for s ∈ {5, 13}, and i ≥ 1 come from
Lemma 2.7 and the existence of the 39-regular 2-CP({3, 5}, 1, {1/2, 1/2}; 39 s) for s = 5, 13.
LetF27 = {{0, 1, 3, 7, 18}, {0, 5, 13}}, thenF27 forms a 1-regular 2-CP({3, 5}, 1, {1/2, 1/2}; 27). A (g, 5; 1)-CDM exists
from Lemma 2.4 for g ∈ {13, 39}, then a g-regular 2-CP({3, 5}, 1, {1/2, 1/2}; g×33) exists from Lemma 2.6. This completes
the proof. 
Lemma 2.9. There exist a 39-regular and an optimal 2-CP ({3, 5}, 1, {1/2, 1/2}; 39h× 3i) for any positive integer h such that
gcd(h, 6) = 1, i ∈ {0, 3}.
Proof. We first prove that the conclusion is true for i = 0. Write h = 5j13lh1, gcd(5 × 13, h1) = 1, then gcd(h1, 30) = 1.
Let F39 = {{0, 1, 3, 7, 12}, {0, 8, 18}}, then F39 is an optimal 2-CP({3, 5}, 1, {1/2, 1/2}; 39). So, the conclusion is true for
h1 = 1. If h1 > 1, then a skew starter in Zh1 exists. Thus a 39-regular 2-CP({3, 5}, 1, {1/2, 1/2}; 39h1) exists from Lemma2.2,
this is the case of j = 0, l = 0. For j+ l ≠ 0, the conclusion comes from Lemmas 2.7 and 2.8, the existence of 39-regular and
optimal 2-CP({3, 5}, 1, {1/2, 1/2}; 39h1), and the existence of (s, 5; 1)-CDM for s ∈ {5, 13}.
For i = 3, the conclusion comes fromLemma2.7, the existence of 39-regular and optimal 2-CP({3, 5}, 1, {1/2, 1/2}; 39h),
and the existence of (33, 5; 1)-CDM from Lemma 2.4. This completes the proof. 
2.2. Proof of Theorem 1.7
The following result was stated in [33].
Lemma 2.10 ([33]). There exist a 13-regular and an optimal 2-CP ({3, 5}, 1, {1/2, 1/2}; 13u) for any positive integer u such
that gcd(6, u) = 1.
Lemma 2.11. There exist a 13-regular and an optimal 2-CP ({3, 5}, 1, {1/2, 1/2}; 13× 3i) for any integer i ≥ 2, and i ≠ 4.
Proof. Let
F117 = {{0, 1, 3, 7, 15}, {0, 42, 80}, {0, 19, 39, 52, 86}, {0, 25, 53, 69, 74}, {0, 11, 57},
{0, 10, 32, 61, 87}, {0, 17, 41}, {0, 23, 58}}.
Then F117 is a 13-regular and an optimal 2-CP({3, 5}, 1, {1/2, 1/2}; 13 × 32). A 13-regular and an optimal 2-CP({3, 5}, 1,
{1/2, 1/2}; 13 × 33) exists from Lemma 2.8. A (33, 5; 1)-CDM exists from Lemma 2.4, applying Lemma 2.7 with r1 = 32,
r2 = 33, we can get a 13-regular 2-CP({3, 5}, 1, {1/2, 1/2}; 13 × 35). Similarly, applying Lemma 2.7 with (r1, r2) ∈
{(33, 33), (32, 35)}, we can get a 13-regular 2-CP({3, 5}, 1, {1/2, 1/2}; 13 × 3i) for i ∈ {6, 7}. A (35, 5; 1)-CDM exists from
Lemma 2.4.
For i ≥ 8, we can write i = 3i1 + j such that i1 > 0 is an integer, and j ∈ {5, 6, 7}. By repeatedly applying Lemma 2.7
with r1 = 3j, r2 = 33, we can get a 13-regular 2-CP({3, 5}, 1, {1/2, 1/2}; 13× 3i). It is clear that the packing is also optimal.
This completes the proof. 
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Lemma 2.12. Suppose that u is a positive integer, gcd(u, 6) = 1, i ≥ 0 is an integer, i ∉ {1, 4}, and 3i×u > 1. Then, there exist
a 13-regular and an optimal 2-CP ({3, 5}, 1, {1/2, 1/2}; 13u× 3i).
Proof. If i = 0, then u > 1, the conclusion comes from Lemma 2.10. For i ≠ 0, we have i ≥ 2, and i ≠ 4, thus a 13-regular
2-CP({3, 5}, 1, {1/2, 1/2}; 13×3i) exists from Lemma 2.11. If u = 1, then the conclusion comes from Lemma 2.11. If u > 1,
then a (u, 5; 1)-CDM exists from Lemma 2.4, a 13-regular 2-CP({3, 5}, 1, {1/2, 1/2}; 13u) exists from Lemma 2.10. Applying
Lemma 2.7 with r1 = 3i, r2 = u, we can get a 13-regular 2-CP({3, 5}, 1, {1/2, 1/2}; 13u× 3i). The packing is also optimal.
This completes the proof. 
We are now in a position to prove Theorem 1.7.
Proof of Theorem 1.7. For v ≡ 13 (mod 26), we have v ≡ 13, 39, 65 (mod 78). From Lemma 1.6, we need only to prove
that the conclusion is true for v ≡ 39 (mod 78). Write v = 39v1, then gcd(2, v1) = 1. Let v1 = 3iu, gcd(6, u) = 1. If
i ∈ {0, 3}, then an optimal 2-CP({3, 5}, 1, {1/2, 1/2}; 39v) exists from Lemma 2.9. If i ∉ {0, 3}, then i + 1 ∉ {1, 4}, and
v = 39v1 = 13× 3i+1u. Thus the conclusion comes from Lemma 2.12. This completes the proof. 
3. (v, {3, 4}, 1, {1/2, 1/2})-OOCs
In this section, Theorem 1.11 will be proved.
Lemma 3.1. Let q ≡ 1 (mod 18) be a prime. If there exist two elements x, y of Zq satisfying one of the following conditions:
(1) x ∈ C91 , x− 1 ∈ C93 , x+ 1 ∈ C92 , y ∈ C92 , y− 1 ∈ C92 ;
(2) x ∈ C92 , x− 1 ∈ C96 , x+ 1 ∈ C94 , y ∈ C94 , y− 1 ∈ C94 ;
(3) x ∈ C94 , x− 1 ∈ C93 , x+ 1 ∈ C98 , y ∈ C98 , y− 1 ∈ C98 ;
(4) x ∈ C95 , x− 1 ∈ C96 , x+ 1 ∈ C91 , y ∈ C91 , y− 1 ∈ C91 .
Then there exist a 2-regular and an optimal 2-CP ({3, 4}, 1, {1/2, 1/2}; 2q).
Proof. Since q ≡ 1 (mod 18) is a prime, then gcd(q, 2) = 1, and hence Zq × Z2 is isomorphic to Z2q. Let
A1 = {(0, 0), (1, 0), (x, 0), (x+ 1, 1)}, A2 = {(0, 0), (x2, 0), (x3, 1), (x4, 1)},
A3 = {(0, 0), (x4, 0), (x5, 0)}, A4 = {(0, 0), (y4, 0), (y3, 1)}.
Then
D0 = B0

(−B0), where B0 = {1, x, x− 1, x2, x4 − x3, x4, x5, x5 − x4, y4},
D1 = B1

(−B1), where B1 = {1, x, x+ 1, x3, x4, x3 − x2, x4 − x2, y3, y4 − y3}.
If condition (1) is satisfied, then it is not difficult to see that Bj forms an SDRC of C90 , 0 ≤ j ≤ 1. Similarly, if one of
conditions (2)–(4) is satisfied, then Bj also forms an SDRC of C90 , 0 ≤ j ≤ 1.
Let S = {θ9j : 0 ≤ j ≤ q−118 − 1}, then it is clear that S

(−S) = C90 . Now set F = {s · Ai : 1 ≤ i ≤ 4, s ∈ S}. Then1F
does cover each element of (Zq × Z2) \ ({0} × Z2) exactly once, while any element of the additive subgroup {0} × Z2 is not
covered at all. So, there exists a 2-regular CP({3, 4}, 1, {1/2, 1/2}; 2q).
Sincew = 1× 3× 2+ 1× 4× 3 = 18 and g = 2 < w, then the packing is optimal. This completes the proof. 
Lemma 3.2. Let q ≡ 1 (mod 18) be a prime. If q ≥ 1478656, then there exist a 2-regular and an optimal 2-CP ({3, 4}, 1,
{1/2, 1/2}; 2q).
Proof. Applying Lemma 1.12 with e = 9, s = 3, (i1, i2, i3) = (1, 3, 2), (c1, c2, c3) = (0,−1, 1), one can find an element
x ∈ GF(q) satisfying x ∈ C91 , x− 1 ∈ C93 , x+ 1 ∈ C92 for any prime q ≡ 1 (mod 18) when q ≥ 1478656. For this element x,
one can also find an element y satisfying y ∈ C92 , y − 1 ∈ C92 when q ≥ 1478656 from Lemma 1.12. Thus, we can find two
elements x, y satisfying condition (1) in Lemma 3.1. This completes the proof. 
Let E = E1 E2, where E1 = {73, 109, 127, 163, 307, 379, 397, 487, 523, 577, 613, 631, 739, 757, 829, 1063, 1117,
1153, 1171}, E2 = {19, 37, 181}. Then the following result is obtained.
Lemma 3.3. Let q ≡ 1 (mod 18) be a prime, and q < 1478656, then there exist a 2-regular and an optimal 2-CP ({3, 4}, 1,
{1/2, 1/2}; 2q).
Proof. For each q < 1478656, and q ∉ E, with the aid of a computer, we can find two elements x, y satisfying condition (1)
in Lemma 3.1. Here we only list (q, θ, x, y) in Table 3.1 for q ≤ 1009. For the other values of q, we omit it, the interested
readers may contact the second author for a copy.
For each q ∈ E1, with the aid of a computer, we can find two elements x, y satisfying one of conditions (2)–(4) in
Lemma 3.1. Here we list (q, θ, x, y) in Table 3.2.
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Table 3.1
q θ x y
199 3 56 31
271 6 217 77
433 5 407 93
541 2 9 19
811 3 675 269
883 2 131 243
919 7 719 74
937 5 855 233
991 6 154 22
1009 11 217 91
Table 3.2
q θ x y
73 5 67 37
109 6 39 13
127 3 52 42
163 2 147 20
307 5 195 11
379 2 357 61
397 5 338 159
487 3 306 58
523 2 308 68
577 5 282 108
613 2 126 17
631 3 174 73
739 3 651 67
757 2 308 6
829 2 576 20
1063 3 639 24
1117 2 639 31
1153 5 97 40
1171 2 68 80
For q ∈ E2, let
F19 = {{0, 6, 27, 34}, {0, 22, 23, 25}, {0, 5, 29}, {0, 8, 20}}.
F37 = {{0, 13, 38, 44}, {0, 69, 70}, {0, 32, 54, 65}, {0, 3, 26}, {0, 40, 59}, {0, 18, 35, 47}, {0, 7, 28}, {0, 2, 10, 60}}.
ThenFq forms a 2-regular and an optimal 2-CP({3, 4}, 1, {1/2, 1/2}; 2q) for q ∈ {19, 37}.
Since gcd(2, 181) = 1, then Z181 × Z2 is isomorphic to Z362. Let
A181 = {{(0, 0), (1, 0), (3, 0), (5, 1)}, {(0, 0), (5, 0), (12, 1), (19, 1)}, {(0, 0), (7, 0), (18, 0)},
{(0, 0), (9, 0), (20, 1)}},
F181 = {θ9j · A : A ∈ A181, 0 ≤ j ≤ 9}. ThenF181 forms a 2-regular and an optimal 2-CP({3, 4}, 1, {1/2, 1/2}; 362). This
completes of proof. 
We are now in a position to prove Theorem 1.11.
Proof of Theorem 1.11. From Lemmas 3.2 and 3.3, there exist a 2-regular and an optimal 2-CP({3, 4}, 1, {1/2, 1/2}; 2q)
for each prime q ≡ 1 (mod 18), and q ≥ 19. For any positive integer u whose prime factors are all congruent to 1 modulo
18 and no less than 19, a (u, 5; 1)-CDM exists from Lemma 2.4. So, there exist a 2-regular and an optimal 2-CP({3, 4}, 1,
{1/2, 1/2}; 2u) from Lemma 2.7. The corresponding (2u, {3, 4}, 1, {1/2, 1/2})-OOC comes from Lemma 1.3. This completes
the proof. 
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